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Abstract
An Italian dominating function (IDF) of a graph G is a function f :
V (G) → {0, 1, 2} satisfying the condition that for every v ∈ V with
f(v) = 0,
∑
u∈N(v) f(u) ≥ 2. The weight of an IDF on G is the sum
f(V ) =
∑
v∈V f(v) and the Italian domination number, γI(G), is the min-
imum weight of an IDF. An IDF is a perfect Italian dominating function
(PID) on G, if for every vertex v ∈ V (G) with f(v) = 0 the total weight
assigned by f to the neighbours of v is exactly 2, i.e., all the neighbours of
u are assigned the weight 0 by f except for exactly one vertex v for which
f(v) = 2 or for exactly two vertices v and w for which f(v) = f(w) = 1.
The weight of a PID- function is f(V ) =
∑
u∈V (G) f(u). The perfect Ital-
ian domination number of G, denoted by γpI (G), is the minimum weight
of a PID-function of G. In this paper we obtain the Italian domination
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number and perfect Italian domination number of Sierpin´ski graphs.
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1 Introduction
Let G be a simple graph with vertex set V (G) and edge set E(G). If there is
no ambiguity in the choice of G, then we write V (G) and E(G) as V and E
respectively. The number of vertices and edges of the graph G is denoted by
n(G) and m(G) respectively. The open neighbourhood of a vertex v ∈ V is the
set N(v) = {u : uv ∈ E} and the vertices in N(v) are called the neighbours of
v. |N(v)| is called the degree of the vertex v in G and is denoted by dG(v), or
simply d(v). A subset S ⊆ V of vertices in a graph is called a dominating set if
every v ∈ V is either an element of S or is adjacent to an element of S [10]. The
domination number γ(G) is the minimum cardinality of a dominating set of G.
An Italian dominating function (IDF) of a graph G is a function f :
V (G) → {0, 1, 2} satisfying the condition that for every v ∈ V with f(v) = 0∑
u∈N(v) f(u) ≥ 2. i.e., either v is adjacent to a vertex u with f(u) = 2 or to at
least two vertices x and y with f(x) = f(y) = 1. The weight of an Italian dom-
inating function is f(V ) =
∑
u∈V f(u). The Italian domination number γI(G)
is the minimum weight of an Italian dominating function. The Italian dominat-
ing function with weight γI(G) is called a γI-function [4]. Also the sum of the
weights of the vertices of H is denoted by f(H), where H is any subgraph of G.
i.e., f(H) =
∑
u∈V (H) f(u).
An Italian dominating function is a perfect Italian dominating function, ab-
breviated PID-function, on G if for every vertex v ∈ V (G) with f(v) = 0 the total
weight assigned by f to the neighbours of v is exactly 2, i.e., all the neighbours
of u are assigned the weight 0 by f except for exactly one vertex v for which
f(v) = 2 or for exactly two vertices v and w for which f(v) = f(w) = 1. The
weight of a PID- function is f(V ) =
∑
u∈V (G) f(u). The perfect Italian domina-
tion number of G, denoted by γpI (G), is the minimum weight of a PID-function
of G [9].
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The study of Italian domination was introduced by M. Chellai, T. W. Haynes,
S. T. Hedetniemi and A. A. Mcrae in [4]. It is proved that if G is a connected
graph of order n ≥ 3, then γI(G) ≤ 3n4 . If G has minimum degree at least 2, then
γI(G) ≤ 2n3 . The connected graphs achieving equality in these bounds were stud-
ied in [8]. Nordhaus-Gaddum inequalities for Italian domination number is also
proved in [8]. Italian domination in trees was discussed in [11]. In [7] the authors
studied the graphs with equal domination number and Italian domination num-
ber. A. Poureidi and N. J. Rad showed that the associated decision problem for
Italian domination is NP-complete even when restricted to planar graphs. They
gave a linear algorithm that computes the Italian domination number of a given
unicyclic graph [19]. Italian domination number of generalized Petersen graphs
P (n, 3) was studied in [5]. A bagging approach and a partitioning approach to in-
vestigate the Italian domination number of cartesian product of cycles and paths
Cn2Pn was done in [6]. They also determined the exact value of the Italian dom-
ination number of Cn2P3 and C32Pn and bounds for γI(Cn2Pm) for m,n ≥ 4.
Corona operator on Italian domination was studied in [13].
2 Sierpin´ski Graphs
Let G = (V,E) be a non-empty graph of order n ≥ 2, and t a positive integer.
Let V t be the set of words of length t on alphabet V . The letters of a word u
of length t are denoted by u1u2...ut. The graph S(Kn, t), t ≥ 1, (S(t, n) in their
notation) was introduced by Klavzˇar and Milutinovic´ in [15]. S(Kn, t) has vertex
set V t and {u, v} is an edge if and only if there exists i ∈ {1, 2, ..., t} such that:
(i) uj = vj, if j < i; (ii) ui 6= vi; (iii) uj = vi and vj = ui, if j > i.
Later, those graphs have been called Sierpin´ski graphs in [16]. Figure 1 and
Figure 2 illustrate Sierpin´ski graphs S(K5, 1), S(K5, 2) and S(K5, 3). The ver-
tices of the form uuu...u are called extreme vertices of S(Kn, t). Note that for
any t ≥ 2, S(Kn, t) has n extreme vertices and the extreme vertex uuu...u has
degree n− 1.
S(Kn, t) can be constructed recursively from Kn as follows: Take Kn as
S(Kn, 1). To construct S(Kn, t) for t ≥ 2, take n copies of S(Kn, t − 1) and
add the letter x at the beginning of each label of the vertices belonging to the
copy of S(Kn, t−1) corresponding to x. Then add an edge between vertex xyy...y
and vertex yxx...x. Domination number, Roman domination number and double
Roman domination number of Sierpin´ski graphs were studied in [20], [2] and [18].
To understand more about Sierpin´ski graphs readers are requested to go through
3
Figure 1: Sierpin´ski graphs S(K5, t), t = 1, 2.
the survey paper [12] appeared in 2017.
For any graph theoretic terminology and notations not mentioned here, the
readers may refer to [3].
3 Main Results
In this section, the exact value of the Italian domination number of the Sierpin´ski
graph, γI(S(Kn, t)) is given. For n = 2, S(Kn, t) = P2t and in [1] it has been
proved that γI(Pn) = dn+12 e. For t = 2 and n ≥ 2 we already have the following
theorem.
Theorem 3.1. [14] The Italian domination number of the Sierpinski graph
S(Kn, 2) is 2n− 1.
For t = 3, we prove the following theorem, which can then be generalized to
t > 3.
Theorem 3.2. The Italian domination number of the Sierpin´ski graph S(Kn, 3)
is 2n(n− 1), for n ≥ 3.
Proof. Let V (Kn) = {v1, v2, ..., vn}. Then S(Kn, 3) has the vertex set {vivjvk :
i, j, k ∈ {1, 2, ..., n}}. Note that by the definition, there are three types of adja-
cencies in S(Kn, 3).
• {{vivjvj, vjvivi} : i, j ∈ {1, 2, ..., n}, i 6= j}.
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Figure 2: Sierpin´ski graph S(K5, 3).
• {{vivjvk, vivkvj} : i, j, k ∈ {1, 2, ..., n}, j 6= k}.
• {{vivjvk, vivjvl} : i, j, k, l ∈ {1, 2, ..., n}, k 6= l}.
Let Si(Kn, 2) denote the i
th copy of S(Kn, 2) in S(Kn, 3) and Sij(Kn) denote the
jth copy of Kn in Si(Kn, 2) for i, j = 1, 2, ..., n. Define an Italian dominating
function on S(Kn, 3) as follows.
f(v) =

1; v = vivjvi−1, i, j ∈ {1, 2, ..., n}, and
v = vivjvi+1, i, j ∈ {1, 2, ..., n}, j 6= i− 1, i+ 1,
0; otherwise.
For any f(vivjvk) = 0, vivjvk is adjacent to vivjvi−1 and vivjvi+1, for k 6= i−1
and i + 1. By the definition of f , f(vivjvi−1) = 1 and f(vivjvi+1) = 1, so that
vivjvk is Italian dominated. Note that, f(vivjvi−1) = 1, so that f(vivjvk) = 0 im-
plies k 6= i−1. If k = i+1, then f(vivjvk) = 0 implies j = i−1 or i+1. If j = i−1
the vertex vivi−1vi+1 is adjacent to the vertex vivi+1vi−1 and f(vivi+1vi−1) = 1. If
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j = i+ 1 the vertex vivi+1vi+1 is adjacent to vi+1vivi and f(vi+1vivi) = 1. There-
fore, f is an IDF of S(Kn, 3) and f(V ) = 2n(n−1). So γI(S(Kn, 3)) ≤ 2n(n−1).
To prove the reverse inequality, we claim that for any γI-function f of
S(Kn, 3), f(Si(Kn, 2)) ≥ 2n − 2, for i = 1, 2, . . . , n. If possible assume that
there exists an γI-function f such that weight of a copy, say p
th copy, of S(Kn, 2)
is at most 2n− 3. Then two cases arise.
1. There exists a copy, say Spa(Kn), of Kn in Sp(Kn, 2) with weight 0, another
copy, say Spb(Kn), of Kn with weight 1 and all other copies of Kn with
weight 2.
2. There exist three copies, say Spa(Kn), Spb(Kn), Spc(Kn), of Kn with weight
1 and all other copies of Kn with weight 2.
Case 1:
Let f(Spa(Kn)) = 0, f(Spb(Kn)) = 1 and f(Spj(Kn)) = 2, for all j = 1, 2, ..., n
and j 6= a, b. Since Spa(Kn) has weight 0, all the vertices vpvavj has weight 0. To
Italian dominate these vertices, we must assign weight 2 to the vertices vpvjva for
all j = 1, 2, ..., n. i.e., all the remaining n − 1 copies of Kn in Sp(Kn, 2) should
have weight 2, which contradicts the fact that f(Spb(Kn)) = 1.
Case 2:
Let f(Spa(Kn)) = f(Spb(Kn)) = f(Spc(Kn)) = 1 and f(Spj(Kn)) = 2, for all
j = 1, 2, ..., n and j 6= a, b, c. If a = p then since in Spp(Kn) the vertex vpvpvp
is not adjacent to any vertex outside Spp(Kn), it must be assigned the weight
1. Therefore, to Italian dominate vpvpvj, vpvjvp must be assigned the weight 1,
for all j ∈ {1, 2, ..., n}, j 6= p. In particular, vpvbvp and vpvcvp in Spb(Kn) and
Spc(Kn) respectively are assigned the weight 1 each. Therefore, all the remaining
vertices in Spb(Kn) and Spc(Kn) must be assigned weight 0. But then, vpvbvc and
vpvcvb cannot be Italian dominated. Therefore a 6= p. Similarly we can prove that
b, c 6= p.
Since, f(Spa(Kn)) = f(Spb(Kn)) = 1, either f(vpvavb) or f(vpvbva) = 1. With-
out loss of generality let f(vpvavb) = 1. Therefore, to Italian dominate vpvavc,
f(vpvcva) = 1 and in turn to Italian dominate vpvcvb, f(vpvbvc) = 1. But then, to
Italian dominate vpvavp, vpvbvp, vpvcvp, f(vpvpva) = f(vpvpvb) = f(vpvpvc) = 1
which contradicts the fact that f(Spp(Kn)) = 2.
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Therefore, there does not exist a copy of S(Kn, 2) with weight less than 2n−2
in S(Kn, 3) and hence γI(S(Kn, 3)) ≥ 2n(n− 1). Hence the theorem.
Remark: It is clear from the proof of the above theorem that for any γI-function
f of S(Kn, 3), f(Si(Kn, 2)) = 2n − 2, for each i = 1, 2, ..., n. Also, in each
Si(Kn, 2), f(Sij(Kn)) = 1 for exactly two j’s with j 6= i. (For all other j’s
f(Sij(Kn)) = 2). For definiteness, let f(Sil(Kn)) = f(Sim(Kn)) = 1. Note that,
either all the vertices of Sil(Kn) or all the vertices of Sim(Kn) are Italian dom-
inated by the vertices of Si(Kn, 2). Let it be the vertices of Sil(Kn). Then to
dominate the vertices of Sim(Kn), we have to give non-zero weight to the vertex
vmvivi in Smi(Kn). This process is cyclically repeated in the sense that, a vertex
from Si(Kn, 2) will be Italian dominated by a vertex outside V (Si(Kn, 2)) and
another vertex from Si(Kn, 2) will contribute to Italian dominate a vertex out-
side V (Si(Kn, 2)). Also, this process gives a partition of Kn into vertex disjoint
cycles. Also note that, in Si(Kn, 2), if we assign weight 1 to the extreme vertex
of S(Kn, 3), i.e., vivivi, then with f(Si(Kn, 2)) = 2n − 2, none of the vertices
of Si(Kn, 2) can contribute to Italian dominate a vertex outside V (Si(Kn, 2))
and two of the vertices of Si(Kn, 2) will be Italian dominated by vertices outside
Si(Kn, 2), which will in turn increase the total weight of f . So we can conclude
that in any γI-function of S(Kn, 3), the weight of any extreme vertex is zero.
From the above remark we can arrive at the following corollary.
Corollary 3.3. For every positive integer n, t ≥ 3, the Italian domination number
of the Sierpin´ski graph S(Kn, t) is γI(S(Kn, t)) = n
t−2(2n− 2).
4 Perfect Italian Domination Number
In this section, the exact value of the perfect Italian domination number of the
Sierpinski graph, γpI (S(Kn, t)) is given. For n = 2, S(Kn, t) = P2t and in [17] it
has been proved that γpI (Pn) = dn+12 e. For n ≥ 3, we have the following theorem.
Theorem 4.1. The perfect Italian domination number of the Sierpin´ski graph,
for n ≥ 3 is
γpI (S(Kn, t)) =
{
2n− 1; for t = 2,
nt−2(2n− 2); for t ≥ 3.
Proof. Case 1: t = 2.
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Let V (Kn) = {v1, v2, ..., vn}. Then S(Kn, 2) is a graph with vertex set {vivj :
i, j ∈ {1, 2, 3, ..., n}} and edge set {{vivj, vjvi} : vi, vj ∈ V, i 6= j} ∪ {{vivj, vivk} :
vi, vj, vk ∈ V, j 6= k}. Define a perfect Italian dominating function f on S(Kn, 2)
as follows.
f(v) =
{
1; v ∈ {vivi, viv1, i = 1, 2, ..., n},
0; otherwise.
Note that, vivi = viv1, when i = 1. Therefore, in f , exactly 2n−1 vertices are as-
signed weight 1 and all others are assigned weight 0, so that f(V ) = 2n − 1.
Therefore, γpI (S(Kn, 2)) ≤ 2n − 1. We know that γI(S(Kn, 2)) = 2n − 1
and γI(S(Kn, 2)) ≤ γpI (S(Kn, 2)). Therefore, γpI (S(Kn, 2)) ≤ 2n − 1. Hence
γpI (S(Kn, 2)) = 2n− 1.
Case 2: t ≥ 3.
In the proof of Theorem 3.2 we have defined an Italian dominating function with
the property that every vertex with weight 0 is adjacent to exactly two vertices
with weight 1. Therefore, γpI (S(Kn, t)) ≤ nt−2(2n − 2). But we know that
γI(S(Kn, t)) ≤ γpI (S(Kn, t)) and by Corollary 3.3 γI(S(Kn, t)) = nt−2(2n − 2).
Hence, γpI (S(Kn, t)) = n
t−2(2n− 2).
5 Conclusion
In this paper we have obtained the exact value of γI(S(Kn, t)) and deduced
γpI (S(Kn, t)). The following problems are open and are worth investigating.
Problem 1: Find exact values of γI(S(G, t)), where G is any special class of
graphs like Pn, Cn, Kp,q or tree.
In [14] it has been proved that nt−2α(G)γI(G) ≤ γI(S(G, t)) ≤ nt−2(nγI(G)−
|V2| − |E2|).
Problem 2: Find the exact value or a better bound for γI(S(G, t)), for any
graph G.
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